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Abstract: The n-th PowerSet of a Set {or P"(S)} better describes our real world, because a system S 
(which may be a _ company, institution, association, country, society, set of 
objects/plants/animals/beings, set of concepts/ideas/propositions, etc.) is formed by sub-systems, 
which in their turn by sub-sub-systems, and so on. We prove that the SuperHyperFunction is a 
generalization of classical Function, SuperFunction, and MHyperFunction. And _ the 
SuperHyperAlgebra, SuperHyperGraph are part of the SuperHyperStructure. Almost all structures 
in our real world are Neutrosophic SuperHyperStructures since they have 
indeterminate/incomplete/uncertain/conflicting data. 
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1. Introduction 


In general, a system S (that may be a company, association, institution, society, country, etc.) is 
formed by sub-systems Si {or P(S), the PowerSet of S}, and each sub-system Si is formed by sub-sub- 
systems Si {or P(P(S)) = P2(S)} and so on. That’s why the n-th PowerSet of a Set S {defined recursively 
and denoted by P(S) = P(P"(S)} was introduced, to better describes the organization of people, 
beings, objects etc. in our real world. 

The n-th PowerSet, introduced by Smarandache [2] in 2016, was used in defining the 
SuperHyperOperation, SuperHyperAxiom, and _ their corresponding Neutrosophic 
SuperHyperOperation, Neutrosophic SuperHyperAxiom in order to build the SuperHyperAlgebra 
and Neutrosophic SuperHyperAlgebra. In general, in any field of knowledge, one in fact encounters 
SuperHyperStructures. 


2. The n-th PowerSet of a Set better describes our Real World 


(i) The n-th PowerSet of a set better describes our real world, because a system S (which may 
be a company, institution, association, country, society, set of objects/plants/animals/beings, 
set of concepts/ideas/propositions, etc.) is formed by sub-systems S,, which in their turn 


are formed by sub-sub-systems S, , and so on, up to a needed structural-level n of the 
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wn 


system. Afterwards, between the sub-systems, sub-sub-systems and so on there are various 


inter-relationships (similar to the operations and axioms in general algebraic structures). 
+ 


Let’s recall the definition of the n-th PowerSet of a Set [2], proposed by Smarandache in 
2016. 


Definition of the n PowerSet of a Set S {denoted as P"(S), where the empty-set ¢ is 


allowed, and it represents the indeterminacy/uncertainty} is done recursively: 
Let S be a set. 


def 
P°(S) =S , be definition. 
P'(S) = P(S)is the PowerSet of S, we call it the 1:-PowerSet of S; 
P*(S) = P(P(S)) is the PowerSet of the PowerSet of S, or the 2"*-PowerSet of 5; 


P?(S) = P(P?(S)) = P(P(P(S))) is the PowerSet of the PowerSet of the PowerSet of S, or 


the 3-PowerSet of S; 
and so on, 


PAS) SPC" (S)) 25 PC CRPGS):3))- 


n—times 


where P is repeated n times, and 


the empty-set is allowed. 


(iti) Example of 2"-PowerSet of a set S, where the empty-set is allowed. 


Let’s consider an easy example to be able to distinguish between several types of functions, 
algebras, and structures. 
Let the set S = {1,2}. 


Then, the 1:-PowerSet of S, with the empty set ¢ included, is: P(S) = {@, {1}, {2}, {1,2} } 
and this P(S) is used for the neutrosophic versions of functions, operations (and 


operators), axioms, algebras, and structures. 
The 2-nd PowerSet of S, with the empty set @ included, is: 


P?(S) = P(P(S)) = P({@, {1}, {2}, {L 2} }) = 

{03 {1}; {2}; {1,2}; 

{LPI GZS {LL 23}; 
{AZ} TL 2} {2}, OL 24}; 
(¢,{1},{2} 3: (6, 0.1L 23351¢,{2}.{L 2} {1}. {2}, Oh 2) }; 
{@, {1}, {2}, {1,2} }}. 


(iv) Definition of the n PowerSet of a Set S without the empty-set {denoted as_P,"(.S) where 


the empty-set ¢ is not allowed} is also done recursively: 

Let S be a non-empty set. 

P°(S a S , be definition. 

P\(S ) = P.(S)is the PowerSet of S, without the empty-set, we call it the 1s-PowerSet of 5; 
P’(S) = P.(P.(S)) is the PowerSet of the PowerSet of 5, without the empty-set, or the 2” 


PowerSet of S; 
P?(S) = P.(P’(S)) = P(P.(P(S))) is the PowerSet of the PowerSet of the PowerSet of S, 
without the empty-set, or the 3-PowerSet of S; 
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and so on, 


PS (S) = P. (Pp (S)) =..=F, (B.G.B. (S)...)) , where P is repeated n times, 
A Sw“ 


n—times 


and the empty set is not allowed. 


(v) Example of 2"-PowerSet of a set S, without the empty-set 
Let’s consider an easy example to be able to distinguish between several types of functions, 
algebras, and structures. 
Let S = {1,2} be a set, then the 1s-PowerSet of the set 5, without the empty set ¢, is 


P(S)={{1},{2}, {12} }. 


The 2"¢-PowerSet of the set S, without the empty set @ 1S: 


P.(S)= P.(P.(S)) = Pf (1, {2}, (1 2} ) = 
({1}s{235 tL 23; 
CU {2 3st, 235 { {2}, CL 23}; 
{ {1}, {2}, {1,2} }}. 
What is the distinction between, for example, A={1,2} and B={ {1},{2}}? 

In A, the elements 1 and 2 are totally dependent of each other and form together a sub-system 
called A; while in B, each of {1} and {2} are partially independent of each other and as such they are 
individual sub-sub-systems, and partially dependent of each other and united into a sub-system 
called B (a sub-system of sub-sub-systems). 

In the real world, we may consider, for example, A as a group of two researchers, denoted by 1 
and 2, that work together (totally dependent on each other) for a common project. 

But in B, researchers {1} and {2} work each of them separately for the projects p1 and respectively 
p2 (so they are independent from the point of view of these projects), but the researchers work 
together for the third common project p3 (so they are dependent from the point of view of project p3). 


3. Functions of One Variable 


(i) Classical Function of One Variable 
The domain and codomain of the function is just S. 
f:SOS 
Example of Classical Function of One Variable 
Let’s take, as above, S = {1, 2}. 
f () =2 (asingle-value) € S; 
f(2)=1 (asingle-value) €S. 
(ii) HyperFunction of One Variable 
This is part of the HyperStructures [1], when the domain S remains unchanged, while the 
codomain of the function becomes the PowerSet P.(S). 
f:S—> B(S) 
Example of HyperFunction of One Variable 
fC) = {1,2} (aset-value) € P.(S); 
fQ=1eE PRS). 


(iti) SuperFunction of One Variable 
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This is an extension of the HyperFunction, when the domain S remains the same, but the 
codomain of the function becomes n'*-PowerSet of the set S,ie. P."(S), n=2. 
f :S — P."(S), where integer n > 2. 


(iv) Example of SuperFunction of One Variable 
Let’s take the easiest case when n = 2, the domain of the function remains the same S, but 
one has the 2"¢-PowerSet of the set S as codomain of the function: 


f:S—>P'(S) 
f(D) ={ {1}, {2} € R(S); 
f(2)={ {1}, {2}} €P*(S). 
(v) SuperHyperFunction of One Variable 
ff: P'S > P'S), forintegers r,n 20. 
It is part of the SuperHyperStructure [2, 3]. 
(vi) Example of SuperHyperFunction of One Variable 
fi P(S) > P*(S). 
FC) = (D, {2}, (L 2} € P°(S). 
FU2)) = {{H{2}} € P'(S). 
FL, 2}) = { {2}, {1,2} } € P°(S) 
(vii) Theorem 1: 


The SuperHyperFunction of One Variable is the most general form of functions of one 
variables. 


Proof: 

For r= 0, and n=0, one gets the classical Function. 
For r= 0, and n= 1, one gets the HyperFunction. 
For r= 0, and n2 2, one gets the SuperFunction. 


4. Functions of Many Variables 
Straightforward generalization of the functions, from one variable to many variables, are 
provided below. 
(i) Classical Function of Many Variables 
f :S" > S, for integer m > 2. 
(ii) Example of Classical Function of Two Variables 
Let’s consider some elementary case, when m = 2. 


f:S° 3S 
First, S? = {1,2} {1.2} ={(1,1).(L,2),(2,1),(2,2)} 
f(,12) =2(asingle-value) €S 


f0,2)=2eS 
f(2,1)=1leS 
f(2,2)=1eS 


(iti) HyperFunction of Many Variables 
This is part of the HyperStructures. 


f:S" — PAS) 
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(iv) Example of HyperFunction of Two Variables 


f iS’ > BCS) 
fd, = {1,2} (a set-value) € P.(S) 


f(,2) = {Ife BS) 
f(2,1) = {1 2} € B(S) 
f (2,2) ={2} € PCS) 
(v) SuperFunction of Many Variables 
f :S”" — P"(S), where the integers m, n 22. When the 2-nd PowerSet of the Set S is 
involved. 


(vi) Example of SuperFunction of Two Variables 


Let’s take m =n = 2 the simplest case. 
iS SRS) 
f0,D =((H, {2}, (1 2}} € BCS) 
f(1,2) ={ {1}, {2}} € P°(S) 
f (2,1) = { {2}, {1,2}} € P(S) 
f (2,2) ={ {1}, {1,2}} € P*(S) 
(vii) SuperHyperFunction of Many Variable 
f :(P'S)” > PR'(S), for integers m>2 and r,n=0. 
It is part of the SuperHyperStructure. 


(viii) Example of SuperHyperFunction of Two Variables 


Let’s take m=2, r=1, andn=2. 
f (P(S) > P?(S) 


Table 1. Values of the above SuperHyperFunction of two variable f(x, y). 


; {1} {2} {1, 2} 
{1 {{1}, {2}} {1} {{1}, {1 2}} 
{2} {{2}, {1, 2}} {1 {1, 2H} {2} 

{1, 2} {1, 2} {1}. {2}, (1, 2)} 


For example, f({1}, {1, 2}) = {{1, {1 2}}. 
(ix) Theorem 2: 
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Similarly, the SuperHyperFunction of Many Variables is a generalization of the Classical 
Function, HyperFunction, and SuperFunction of Many Variables. 

Proof is the same as in the previous theorem, by keeping the same m (number of variables) 
value: 

For r= 0, and n = 0, one gets the classical Function of Many Variables. 

For r= 0, and n = 1, one gets the HyperFunction of Many Variables. 

For r= 0, and n 22, one gets the SuperFunction of Many Variables. 


5. Definition of SuperHyperFunction (SHFm) of m= 2 Variables 


He oe hts (S)x P? (S)x...x P* (S)> Pe (S') , where integers 7,,/,,....%,N 2 O and SH stands 


for SuperHyper, the upper SH is for the function’s domain, and the bottom SH is for the function’s 
codomain, meaning that both are some PowerSets of PowerSets etc. of the set S. 


For any x, € PR." (S),x, € P.”(S),....x, € P." (S), one has (aC ere e€P"(S). 


This is a generalization of all previous functions. 


6. Operations / HyperOperations / SuperHyperOperations and Axioms / HyperAxioms / 
SuperHyperAxioms 


Let m2 1|be an integer. 

The Operations (and operators) can be treated as m-ary functions, while the Axioms as logical 
propositions involving the m-ary operations. 

Similarly, the HyperOperations can be treated as m-ary HyperFunctions, while the HyperAxioms as 
logical propositions involving the m-ary HyperOperations. And last, the SuperHyperOperations can 
be treated as m-ary SuperHyperFunctions, while the SuperHyperAxioms (HSAx) as logical 
propositions involving m-ary SuperHyperOperations. 


7. Structure / HyperStructure / SuperHyperStructure 


(i) The classical Structure is a structure built on a set S, endowed with classical Operations ( 
#.) #.:S" —S, for integer m21, and classical Axioms ( Ac ), which are axioms that 


act on the set S endowed with classical Operations. 
(ii) The HyperStructure {defined by F. Marty [1] in 1934}, is a structure built on a set S, endowed 


with HyperOperations (#,,), #,, :.S’” — P.(S), for integer m2 1, and HyperAxioms ( Ax 
), which are axioms that act on the set S endowed with HyperOperations. “Hyper” stands 
for the codomain of the operations, which is P,"(S) instead of S that is for the classical 
structure. 

(iii) The SuperStructure {defined by F. Smarandache [2] in 2016}, is a structure built on P;"(S) 
, that is the n‘-PowerSet of the Set 5, without the empty-set, endowed with 
SuperOperations, #, :(P."(S))”" —> P4(S), for integers n 2 0,q 20, and SuperAxioms, 
which are axioms that act on the set P,"(S) endowed with SuperOperations. “Super” 
stands for the codomain of the SuperOperations, which is P.“(S) , instead of S that is for the 


classical structure or of P"(S) that is for HyperStructure, or for the domain of the 


SuperOperations, which is R.’(S) . 
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(iv) The SuperHyperStructure {defined by F. Smarandache [2, 3] in 2016 and 2019}, is a structure 
built on the n'*-PowerSet of the Set S, P.”(S), endowed with SuperHyperOperations and 
SuperHyperAxioms. 


8. The most general form of the SuperHyperAlgebra (SHA) endowed with One Operation and 
Many Axioms 
is: 
(P" (S); #5403 SHAX,, SHAX,,..., SHAX,) where S is a non-empty set, P"(S) is the n'- 
PowerSet of the set S, for n22, and #{,,,is an m-ary SuperHyperOperation (SHO), acting on 
PMS): 


#ono 1 Pe (S) x B'S) x... x PS) > PCS), where P"(S) is repeated m times into the 
———. i — —_<* 


operation domain, and integer m= 1, and q is the number of SuperHyperAxioms. 


9. The most general form of the SuperHyperAlgebra with Many Operations and Many Axioms 


is: 
CRS GS )ot ubist saaas-es Feo Et AGO ANS acs SHAx,) where the m, -ary 


SuperHyperOperations are defined as follows: 
Hog 1 POS) B’(S) x... x P."(S) > P."(S), with P"(S) being repeated m, times into the 
Fs 


m, —times 
operation domain, m,21 , for 1<i<r _, and r2=2 is the number of m, - ary 
SuperHyperOperations ( #191. #egigo0+ Hsfo, / and q 2 lis the number of SuperHyperAxioms ( 


SHAx, , SHAX,,..., SHAX, ). 


10. SuperHyperTopology 


SuperHyperTopology [5] is a topology built on a SuperHyperAlgebra (P."(S),#), for integer 
n > 2, and it is a collection of SuperHyperSubsets from P,"(S) that satisfy the axioms of classical 


topology. 


11. Neutrosophic SuperHyperStructure et al. 


All of the above non-neutrosophic concepts can easily be extended to the neutrosophic framework, 
therefore: 

the Neutrosophic HyperFunction / SuperFunction / SuperHyperFunction of one or many 
variables, and the Neutrosophic HyperOperation / SuperHyperOperation, and the Neutrosophic 
HyperAxiom / SuperHyperAxiom, and the Neutrosophic SuperHyperAlgebra  / 
SuperHyperTopology, and, in general, the Neutrosophic Super/Hyper/SuperHyperStructure are 
built in the same corresponding ways as the above non-neutrosophic concepts, with the only 


distinction that all P*,(.S), which do not include the empty-set, are replaced by P*(S), which do 


include the empty-set (leaving room for indeterminate/incomplete/uncertainty/conflicting data), for 
allintegersk >1. 
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12. Applications 


We need to work with the n'-PowerSet of a set to better describe the organization of our real 
world. A system (set) S is composed by sub-systems (the elements of the P.(S), the PowerSet of S, 


let’s denote them by Si, Sz, ...), and the sub-systems by sub-sub-systems (let’s denote them by Su, 512, 
... respectively S21, S22, ...), and so on. 

As future possible research work will be to investigate the applicability of many types of 
SuperHyperStructures and Neutrosophic SuperHyperStructures in the real world. 
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